Abstract-In this paper, the variable order fractional permanent magnet synchronous motor (VOFPMSM) is investigated. Conditions for existence and uniqueness of the solution of the VOFPMSM are proposed. The stability behavior of the system's equilibrium points along with the variation of the motor parameters and the order of differentiation is discussed. Sufficient conditions that guarantee the asymptotic stability of each of the equilibrium points of the system are established. Also, the required conditions that give the effect of Hopf bifurcation of the system are established in terms of the system parameters and the order of differentiation and consequently the appearance of the chaotic behavior of the VOFPMSM. New numerical techniques based on the modified backward Euler's schemes for continuous and discontinuous variable order fractional model are presented. The obtained numerical results demonstrate the merits of the proposed method and the variable order fractional permanent magnet synchronous motor over the fractional permanent magnet synchronous motor. Keywords: Variable order fractional dynamical system, Permanent magnet synchronous motor, Stability, Hopf Bifurcation, Chaos. 2010 Mathematics Subject Classification: 94C05, 26A33,44A10.
behavior of the memory property characterized by the variable order fractional permanent magnet synchronous motor (VOFPMSM). Based on the FPMSM considered by [17] , [19] , this paper presents a theoretical model of VOFPMSM. We study the stability conditions of our model along with the variation of the motor parameters and the order of differentiation. Also, the system behavior is investigated when the differential order is fractional, continuous and discontinuous function. The required conditions for the system to have Hopf bifurcation are established. This paper is organized as follows: Section 2 contains some relevant definitions, resulting in fractional order derivatives and the modeling of VOFPMSM. In section 3, we discussed the stability analysis of the model. Two new numerical techniques to get approximate solutions of VOFPMSM are presented in section 4 . Numerical examples with their approximate solutions are given in section 5 to illustrate the idea of our work. Finally, we concluded our results in section 6.
Variable Order Fractional Permanent Magnet
Synchronous Motor (VOFPMSM) Definition 1 [21] The fractional order derivative of a function 
The stability behavior of the system (3) is assessed by studying the stability of the system equilibria, where the corresponding linearized system at certain equilibrium point X  is given in the form:
We need the following lemma.
Lemma 1 [20] If all the eigenvalues , 1, 2,
then X  of the system (3) is locally asymptotically stable.
Using [17] , we can write the mathematical model of a PMSM as:
Here, we used the q-d rotor coordinate system with the parameters: The above system is simplified to the famous Lorenz system using time scaling with the subsequent transformation, [17] 
where  is a free positive constant.
The Lorenz system obtained has the form: 
In this work, we consider that the operation of the PMSM when a power interrupt occurs suddenly, this means that
For the PMSM, the variable order fractional permanent magnet synchronous motor (VOFPMSM) can be considered as a more realistic model. This is due to the fractional order derivative needs infinitely many terms, namely memory effect, on the other hand, the integer order derivative requires only one term. So, it is noteworthy to discuss the dynamical behavior and the numerical simulation of the VOFPMSM which is represented by: 
For the system (12), we obtain the solution as:
Then, one gets 
Stability analysis
The equilibrium points of the system (12) are presented in the following theorem: Theorem 2 System (12) has the following equilibrium points: 
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(ii)
Proof:
The equilibrium points are obtained directly by solving the nonlinear system that satisfies the right-hand side of the system (12) to be zero. Now we study the stability behavior of the system (12) for different values of the system parameters and the value of the order of differentiation. Firstly, we discuss the stability conditions of the static equilibrium point. 
The characteristic equation of the Jacobin matrix of the system (12) at 0 S has the following form:
The eigenvalues of the characteristic equation (15) S is unstable, we devoted our effort to study the stability of the operating points. The characteristic equation of the Jacobin matrix of the system (12) at 12 and SS are both given by the equation:
(16) The position of the eigenvalues of Eq. (16) classifies the stability behavior of 12 and SS and consequently the system (12) . An important tool in defining the type of the roots of a cubic equation
is its discriminant () Dp which is determined by the following relation [22] :
then its discriminant has the form as in Eq. (17) 
Now, we give the stability conditions of the operating points of the system (12) in the following theorem.
Theorem 4
The operating points of the system (12) 12 and SS are asymptotically stable in the following cases: 
For ( ) 0 Dp  , the eigenvalues of the characteristic equation (16) are three distinct real roots, and by using RouthHurwitz conditions, we have that the operating points 12 is sufficient and necessary to satisfy condition (6) which also, applies to the other two cases (iii) and (iv). We are familiar with the concept of Hopf bifurcation for ordinary differential equations that can be seen in phase portraits of the solutions as periodic solutions or limit cycles. However, in the fractional order differential equation there is no solution exactly said to be periodic or limit cycle, but we may find solutions converge to have a periodic form or a limit cycle. We may call this behavior as Hopf bifurcation for fractional order differential equations. Hence in the following theorem, we present the required conditions for the system (12) to conform Hopf bifurcation at the certain order of differentiation when 
where   and   are defined in (19) .
Proof:
The required conditions for Hopf bifurcation with 
Conditions (20-21) satisfy equations (22) (23) (24) and the value of 1 b is suggested to be: Also, we note that the chaotic behavior of the VOFPMSM occurs near the value of  that the Hopf bifurcation occurs and disappear by decreasing  .
Discretization of Caputo derivative
In this section, we discrete the first order derivative '( ) ut by the modified difference method that is given by Mickens [23] as follows:
where  is the step size, examples of ()
− , sin and sinh  , see [6] , [24] .
Modified Backward Euler's Scheme I (MBEI)
To get an approximation for the time variable order Caputo fractional derivative given by Eq. (13) (
Now, applying the modified backward Euler's scheme I (MBE I) given by (27) to the system (12), we get the following scheme, Fig. 2 (a, b, c, d, e) gives the numerical solution of system (12) 
 
as discussed in Theorem 5. Figure 3 (a, b,  c, d, e, f, g, h, I, j) give the numerical solution of the system (12) using the discretization (31) 
Conclusion
In this paper, we proposed a variable order fractional permanent magnet synchronous motor (VOFPMSM) in the sense of Caputo derivative. The existence and the uniqueness of the solution of the VOFPMSM are investigated. The dynamical behavior of the system is discussed, sufficient conditions for the equilibrium point to be asymptotically stable are given, and the effect of the variable order of differentiation on the stability of the system is displayed. The existence of Hopf bifurcation of the VOFPMSM is discussed and the conditions that guarantee that behavior are established. So we can avoid the occurrence of chaotic phenomena either by changing the value of the parameters or the order of differentiation. A modified backward Euler's scheme I (MBE I) and a modified backward Euler's scheme II (MBE II) are presented to get the numerical solutions of the system of variable order fractional differential equations. Moreover, applying these techniques on VOFPMSM, we can get numerical solutions for this system. As a particular case, a comparison between the numerical solutions using MBE I, MBE II and the well-known fourth order Runge-Kutta method for decreasing  . The discontinuous form of the order of differentiation is documented in example 5.5.
